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grant are briefly reviewed and some conclusions are rlrawn. I 
would like to make an observation that mag be of interest. 
Although the Erant ended Aurpust 31, 1965, I had not completed 
a paper I had promised on "The General Solution of the Hamil- 

difficulties involved has not, deterred me from continuing the 
investigation. I have at present some very encouraging but 
not fully comple te results. The results of this prolonged re- 
search will be scnt to you on satisfactory completion. 

All the papers listed below have been sent to you. The list 
and a review is given in the following: 

I. "The Algebraic Structure of the N-Body Problem" : This was 
the first in a series of papers that lay the lop.,ical and alge-  
bratc foundations in the study of the N-Body problem. 
group properties of the coefficients of the serial solution 
of' the N-Bodies were considered and some general formulae were 
established whose utilization was necessary f o r  the sequence 
of papers that followed. It further specified possible methods 
in the solution of the N-Body Problem. 

11. "The Explicit Solutions of the Analytic N-Body Problem": 
This ??per res3lves the problem in explicit serial form with 
formulae to determine the nth term of the serial coefficients. 
Use is made of Gamma and Hypergeometric functions to express 
the coefficients. It further formulates the intcrval of con- 
vercence of the time series for the solution. Though the s o l -  
ution is explicit further research would unfold new types of 
functions that would prove to be of great utilitarian value. 
The formul-ae as  they occur may be used for numerical computa- 
tion of 3, 4,---n-bodies, 
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pres IE nted. Tho various research papers  written 2 nder the 
tonian Systcm of Dynamic31 Equations I1  Tho extraordinary 

The 

111. Revised version of "The aplicit Solutions of the Analytic 
N-Body Problem": A l l  the formulae and derivations have been 
re-checked and a new and more potent formulation of the time 
interval of convergence has been introduced. 
search and numerical workmshould be used rather than the older 

For further re- 

version (11) A 



IV .  "The Regularized E x p l t c i t  S01.11 l,ion of t he  Analyi; i [ ::- __ 
Body Problem": T h i s  p ? p e r  4enl.s \ a i  t h  the  rcy;ul-a . ( > '  

- - ---___ -_-___I-_- 

-- system of  di: ' l?erential equattnns Tho~i::h t h e  proccz 2 >7,-  I - 
lels t h a t  of paper 111, i t  d ~ , o I s  more p o t e n t l y  wi th  1, 
cha rac t e r  o f  t he  s i n g u l a r i t i e n  i,lvolved i n  t h e  sol-i i t j  1 , 
Here again f u r t h e r  r c sca rch  T r i l l  unf'i,ld t y p e s  of func ) I I S  

a s  y e t  unknown. It '1iay be used  '-:- nm1171-i.cal cornput..' ' (111 
on a r egu la r i zed  system o f  d i T f e  ' ;PI- cq7 io t ions  foi- ' , h c  
n-body problem. 

V. "On En I t e r a t i v e  Proce 

c o n t r i b u t i o n  i n  t h e  s e r i e s  of v o k l t s  on tile I<-Body p r ~ ? i ~ l . ~ ~ r m i  i n  
the  NASA g ran t  p r o j e c t .  

a p p l i e s  a combination of an i t e r a t i v e  c"i!C' n o r i a l  procis : ;  t o  
l e a d  t o  a methodology which, as f a r  as :t c m  judge, 1:: :L new 

t i a l  equat ions ,  as  appl ied  t o  the sys te l i  0.i' equat ions f 'oi> the 
N-Bodies. 

of a sequence of p a r t i a l  s o l u t i o r ? s  t o  tlie a c t u a l   sol:^' ' I , ! ,  is 
formulated,  

in  (>f t h e  2~ cij a r  
._-I- 

I N-Body 1,roblem": This m p e r  i.; i leixl  ,IC):: t , l ic :  mos t  s i g x '  j ' i cnnt  

I , t h e  assumption of a converging s e r i c s  8:: a s o l u t i o n ,  b i i t  
Thc irietlioclc,!.o,C;:r no longer i s  h s e d  on 

I mathematical  process  i n  the  s o l u t i o n  of B system o f  d:;.f'?ercn- 

, t h e  s o l u t i o n ,  but  a method t o  m e n s u r e  t.lic r a t e  o f   con^ I ' ' . Y  Ice 
Not only more po ten t  forniu1ai;ions a r e  germ r - , : , ( I  Cor 

I V I .  "On an Arb i t r a ry  Funct ion i n  t e I t r ~ t i v e  Anal,; I(' 3 ) l u -  
t iOn o f  a General System of DiTfcrent i2 l  Zquations : 
sense t h i s  laper i s  a con t inua t ion  o f  tlie previous p?.: c1 '  (1.V) 
b u t  i n  more genera l  contex t  s ince  i t  n p p l i c s  t o  any S T T s L c r n  o f  
d i f f e r e n t i a l  equat ions w i t h  c e r t a i n  broad  r e s t r i c t i o x .  Ii 
f a c t  I had t h e  p r i n c i p l e s  of this paper i n  mind when 1 in<.rre 
conc re t e  paper (V) was w r i t t e n .  The developments f0Llob.J t h e  
procedure of t he  r a t h e r  new f i e l d  i n  a n a l y s i s ,  namely Func- 
t i o n a l  Analysis ,  With the use  o f  i n t eg i?a l  equat ions  a s  opera- 
t i o n a l  equat ions,  a sequence of approximate s o l u t i o n s  are 
evolved whose l i m i t  i s  t h e  a c t u a l  s o l u t i o n  o f  t h e  system, A n  
a r b i t r a r y  f u n c t i o n  i s  brought t o  l i g h t  which f u n c t i o n  i s  the  
g e n e r a t o r  of t h e  remaining funct ions of  t he  sequence. Though 
t h e  a r b i t r a r g  func t ion  i s  manifest ,  i t  has never  been used i n  
the  sense  i t  i s  employed i n  t h i s  paper.  
a g e n e r a l  formula t ion  of a measure o f  convergence. This formu- 
l a t i o n  i n  genera l  i s  t h e  one tha t  allowed me t o  recognize t h e  
measure of t he  sequence of func t ions  g iven  i n  the preceding 
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The process  permits  

paper  (VI. 

V I I .  Revis ion o f  t h e  preceding paper ( V I )  "On an A r b i t r a r y  
Funct ion  i n  t h e  I t e r a t i v e  Analytic So lu t ion  of a General  System 
o f  D i f f e r e n t i a l  Equations. The r e v i s i o n  c o n s i s t s  of a more 
c o n c i s e  t rea tment  i n  tb methods of s o l u t i o n  bv e l i m i n a t i n g  
most of t h e  c l a s s i c a l  theory  of d i f f e r e n t i a l  e i u a t i o n s  givgn 



i n  the  precedin:: paper and r ep lac ing  tiiis theory  with thc newer 
no t iqns  i n  I”unction:jl Analysis . For  Ciirtlier work and s tudy ,  
t h e  r c v i s c d  paper ( V I I )  r a t h e r  than  ( V I )  should be consul ted .  

Unfinished Rcsearch: as s t n t c d  ai; t l c  bl.?r;iinig, though t h e  g r a n t  
ended August 31, 1965, I hnve ooIJt i - iucd i n  lily r e s e a r c h  which 
I consider  t o  be s t i l l  p a r t  of  tile iJASA p r o j e c t .  

V I I I ,  “The Genersl  Solu t inn  of t h e  Hamiltonian System of 
Dgnamlcal Equations: 
transbrm t h e  system of Hamiltonian equnt ions t o  a form amen- 
a b l e  t o  development by a converging time s e r i e s ,  A r e c u r s i v e  
form of a s o l u t i o n  has a l r ezdg  been a t t a i n e d .  But my objec-  
t i v e  i s  t o  g c t  e i t h e r  an i r r e d u c i b l e  - recursive expres s ion  
o r  b c t t e r  s t i l .1  t o  g e t  a ful.ly e x p l i c i t  m l u t i o n  i n  terms of 
t h e  i n i t i a l  condi t ions  on ly  and t o  determine, i f  p o s s i b l e ,  t h e  
time i n t z r v a l  of t h e  converging time s e r i e s .  This  problem has 
never  been so lved ,  Even t h e  r ecu r s ive  form in1,hich t h e  Solu- 
t i o n  has been formulated,  i s  new, 

Up t o  th i s  p o i n t  I have been a b l e  t o  

IX. “The So lu t ion  of  a ~ y p  e of Linear  Diophantine Equation by 
means of ‘Pseudo-Matricesf7.  T h i s  s o l u t i o n  has been r e s o l v e d  
bu t  i t s  formulat ion i s  s t i l l  unpolished. I n t h e  a t tempt  t o  
g e t  a proof  f o r  t h e  v a l i d i t y  of t h e  g e n e r a l  term of  paper (111) 
th i s  p a r t i c u l a r  Diophantine equat ion appeared. A s  soon as I 
have p u t  t he  r e s u l t  i n  pol i shed  form, I w i l l  send i t  t o  you, 
and f o r  p o s s i b l e  pub l i ca t ion .  

Conclusion: The r e s e a r c h  work c a r r i e d  on by t h e  NASA Grant h a s  
accomplished a number of things:  (1) It has opcnod up f i e l d s  
Of r e s e a r c h  i n  t h e  f i e l d  of d i f f e r e n t i a l  equa t ions  and spec i -  
f i c a l l y  s o  i n  the  I?-Body problem w h i c h  appeared t o  be c losed  
o r  n e a r l y  so. It has a c t u a l l y  so lved  thg N-Body problem by 
two d i s t i n c t  p rocessese  ( 2 ) .  It  has unyolded two types  of 
methodologies i n  t h e  s o l u t i o n  of systems of equat ions  o r  
s p e c i a l i z e d  systems such as the equat ions  o f  motion o f  N-Bodies; 
one of  which, as f a r  as can be  judged, i s  d i s t i n c t l y  o r i g i n a l .  
Within one of  t h e  methodolocies (paper  V I I )  t h e  concept of an 
a r b i t r w y  func t ion  f o r  an o rd ina ry  system of differcnkkal equa- 
t ions ,haa  proven t o  be d i s t i n c t l y  u s e f u l  and t h e  fo rmula t ion  
of a r a t e  of measure f o r  convergence s i g n i f i c a n t l y  u s e f u l .  
( 3 ) .  The formulae evolved f o r  t he  N-Body problem should prove 
meaninKful i numerical work i n  c e l e s t i a l  mechanics and i n  t h e  
f i e l d  o f  sa t  ! l l i t e  and a r t i f i c i a l  space bodies.  (4.). F u r t h e r  
work i n  the  d i r e c t i o n  s p e c i f i e d  by t h e  papers  should l e a d  t o  
d i s c o v e r i e s  of new funct ions  or  e n l a r g e  the  knowledge o f  t h e  . 
p r o p e r t i e s  of known func t ions .  ( 5 ) .  The s p e c i a l i z a t i o n  of  t h e  



general solution to +bodies, lj--bodies, etc. should be highly 
rewarding.. (6) Finally the application of the method of 
paper V I 1  to specialized problems in celestial and analytic 
mechanics should lead to results which would be otherwise 
difficult or impossible (from a practial point of view) to 
achieve. 

Sincerely yours, 

Dr. Louis M. Rauch. 

Dept. of Mathematics . 

Seton Hall University 
South Orange, New Jersey 
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